In this paper, we investigate the effect of heat load on the fluid friction factor for laminar flow of a 2D axisymmetric straight corrugated pipe. Some clever assumptions are made on the NavierStokes equations to derive analytic expressions for computing the friction factor for the flow in terms of average velocity, density of the fluid, pressure drop and Reynolds number. The coupled momentum and energy equations are solved numerically and the effect of the heat load on the friction factor and hence the computed head loss in corrugated pipes/hoses analyzed. A new geometry is introduced for computing quasi-periodicity in pipes whose corrugations are periodically positioned. This has a positive effect of reducing instabilities in the solution and shows interesting features of the periodic pressure profile. Computational time and CPU memory have been drastically reduced as a result of simulating only one period as a true representation of an infinitely long pipe in which the flow is fully developed. We show that the heat load reduces the friction factor in corrugated pipes, this presupposes that pump requirements in the tropics are different from temperate regions for the same work done. The Moody Diagram shows a plot of the friction factor and Reynolds number at different corrugation heights without the effect of varying heat load. In this paper we show a diagram of the friction factor and Reynolds numbers at varying inlet and wall temperatures at a constant corrugation height. Furthermore we show that when flow is fully developed, periodizing the temperature on the boundary does not affect the flow.
INTRODUCTION
In recent times, forced convection laminar flow inside a pipe has been at the fore front of research. The earliest formulation of the problem and analytical study can possibly be credited to Graetz (1885) , who solved the problem of heat transfer to a constant property fluid in fully developed laminar flow in a pipe at constant wall temperature.
Since then several authors have studied the effect of heat load applied to many engineering problems. Wang and Vanka (1995) reported that there are higher values of friction factors for wavy channels to smooth wall channels of same internal spacing. Beer and Russ (1997) calculated mean friction coefficient per wavelength of axisymmetric pipe for three different amplitudes and reported frictional loses increased with increase of amplitude at the same Reynolds number. Van der Linden et. al. (2009) derived an efficient method to compute the friction factor in corrugated hoses.
The problem of heat transfer is of considerable interest in many engineering and industrial applications such as petroleum refinery, metal extrusion, glass fiber and paper production, water transport, polymer sheet extrusion from a dye, pipeline lubrication and processes in the chemical industry, Schlicting (2000) .
In this paper we investigate the effect of heat load on the friction factor for an incompressible fluid flow in a corrugated pipe. The friction factor is an important ingredient in engineering design because it is used to calculate head lose and determining the pump pressure that drives the flow.
Normally for pipes to withstand high pressures, temperature and other forces, it has to be reinforced; therefore a fabric is wrapped over a spiral metal framework during the construction of such pipes. This reinforcement changes the internal geometry of the pipe causing corrugations that strongly affect the flow in the pipe. It promotes turbulence and improves heat transfer through such pipes. An important factor in pipe network design is to attain minimum pressure lose throughout the distribution lines and thus minimize the transportation cost.
To the best knowledge of the author there is no available chart on effect of heat load on the friction factor and Reynolds number as the one on the Moody Diagram. This means that at design stage, engineers would engage in numerous computations of head lose and pump pressure calculation in areas such as the tropics.
The investigation is organized as follows: In the first section, starting from the general Navier-Stokes equations governing fluid flow we derive exact solutions for the Hagan Poiseuille flow with constant fluid properties. Using the assumption of no swirl and axisymmetry of the pipe, the azimuthal component of the coordinate goes to zero. The idea of periodicity in pipe flow is employed to reduce computational cost and CPU memory to the order of 6 10 .
Our model is validated by comparing computations from the model to the experimental data on the Moody Diagram. Next is the introduction of a new simulation geometry for simulating quasi -periodicity. The new model geometry is set to have an upward flow to overcome the instabilities associated with pressure flows.
The governing equations and boundary conditions: The standard Navier-Stokes (N-S) equations are valid for laminar and turbulent flow modeling. In such flows the change from laminar to turbulent happen on such small length and time scales that direct numerical simulation becomes very expensive. The computational cost in terms of number of operations of direct numerical simulation is estimated at 3 Re in Pitts et. al (1997) . Therefore for a Reynolds number (Re) of about one million, it becomes too costly on today's computer systems. For this reason we choose low Reynolds numbers so as to be in the laminar region. The three dimensional N-S equations governing flows in cylindrical
rz  are given as: 
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Conservation of Energy
where  is the dissipation function, t is time,
, , , , , In certain applications the velocity distribution may be developing if the pipe is not much longer than the hydrodynamic entrance length.
In such a case, the pressure drop will be much higher than the case where the velocity distribution is fully developed in a longer pipe. In other applications, especially when dealing with highly viscous fluids such as oils, the velocity profile develops more quickly than the temperature profile and may be considered to be fully developed in a region when the thermal boundary layer begins developing. Such problems are often referred to as Graetz problems or thermal entrance problems. The most general case (and difficult to analyze) occurs when both the velocity and temperature profiles develop together. This problem is generally referred to as the combined entrance problem or simultaneously developing flow. In this paper the fully developed velocity and temperature profiles are considered.
Analytical solution for the momentum and energy equations:
The following assumptions are made on the governing equations to obtain analytic expressions for the velocity and temperature profiles, friction factor and the pressure drop in the pipe. The pipe under consideration has a diameter () D , radius () R , and 0 rR  . These assumptions are only valid to obtain analytic expression to the governing equations.
Constant fluid properties
There is no swirl,
Under the above assumptions, the radial component of the velocity ( The logarithm of zero is negative infinity, therefore applying this boundary condition to (0.11) at 0 r  will imply the velocity will be infinite unless We do not investigate so much into the corrugations, details of the effect of corrugation on the friction factor can be found in Pisarenco (2007) , van der Linden et. al. (2009 ), Mahmud et. al. (2003 . We have shown that in the fully developed region the pressure gradient ( dp dz If the Reynolds number and the pressure at two points are known, we can find the corresponding friction factor from the Moody diagram and subsequently compute the head loss and pump pressure for the flow.
Temperature profile: Forced convection heat transfer problems in pipe flow may be classified as type (I) thermally developing and type (II) thermally fully developed. The first type (thermally developing) may be further divided depending on whether the velocity profile is developing or fully developed. Simultaneous development of velocity and temperature profiles is very difficult to analyze. Most solutions to these type of problems have been obtained using numerical methods, Shah and London (1978) . The temperature profile from equation (0.5) has been thoroughly discussed in Nyarko (2011) for the case where the hydrodynamic boundary layer is fully developed.
We only quote the parabolic temperature profile as: 
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). We note that if the liquid conducts less heat, the temperature profile is more parabolic. This supports the statement that if the velocity of the fluid in the pipe is high, it conducts less heat. Numerical simulations: The assumption of a fully developed flow allows us to state that for an infinitely long pipe, the flow will be periodically fully developed because of the periodic positioning of the corrugations Patanker et. al. (1977) .
In such flows the velocity repeats itself at corresponding axial locations in successive circles. This allows us to consider only one period in our simulation as a true representation of what happens in a long corrugated pipe/hose. This idea coupled with the use of periodic boundary condition decrease computational cost and CPU memory.
Of course we do not have measurement data for the model that we simulate but to determine the degree to which the model is an accurate representation of the real world, we validate the model for specific range of application for which there is experimental data.
The Moody Diagram, Moody (1944) 
Smooth wall boundary conditions:
The computational domain has four boundaries. On the right hand side boundary we prescribe the no slip boundary condition to the pipe wall. On the left hand side which coincides with the centerline of the pipe we prescribe axial symmetry boundary condition.
A parabolic velocity profile is prescribed at the inlet boundary and at the outflow boundary; we prescribe pressure equal to zero.
After solving the problem on a coarse and fine mesh using the adaptive solver, it was realized that the solution was mesh independent .   Fig 3 (a) shows the numerical results for the surface velocity field. The parabolic velocity profile along the radial direction at 0.1 zm  is maximum at 0 r  , confirming the analytical solution from equation (0.12) and by the color legend in Fig 3 (a) . We can observe . Fig 4(a) shows the computed friction factors from equations (0.13) in blue and (0.14) in red against Reynolds number. In Fig 4(b) , the logarithmic plot of the computed friction factors from our model agrees with the Moody diagram with an error less than 1%. 
Corrugated pipe model simulation:
The flow in the corrugated pipe is different from that in the smooth pipe because the flow is immensely affected by the presence of adverse pressure gradients. As a result, the model is set to have an upward flow such that the negative pressure gradient overcomes the shear stress caused by viscosity and other forces which retards the flow. Details of the characteristics of pressure gradient on flow in a corrugated hose can be found in Pisarenco (2007) , Beer and Russ (1997) , White (2003) . Fig 5 shows the new computational domain we have introduced for simulating quasi-periodicity for pipe flow. It includes three periods of the corrugations in the pipe. At the left and at the right, it is bounded by the symmetry axis and by the wall respectively, while the inflow/outflow boundaries are the ones located at the bottom and top of the domain with continuity on each boundary.
Simulation domain geometry:
The coupled momentum and energy equations are solved simultaneously with appropriate boundary conditions. The new periodic modeling shown in Fig 5 called Pseudo-periodic is to take care of the instabilities usually associated with pressure flows with the assumption that the first and third periods take care of the instabilities whiles the solution in the second period is undisturbed. Therefore although there are three periods, we only consider the second (middle) domain. This model allows us to prescribe periodic boundary conditions. The problem is first solved by periodizing the velocity and pressure, considering the temperature on the wall and the inlet as variables. On the right hand side boundary, we have two materials, a steel spiral and fabric. Both surfaces are considered smooth and therefore the no slip boundary condition is prescribed on the wall.
The periodic boundary conditions for the velocity at the inlet and outlet boundaries are: Meshing: In fluid flow dynamics, constructing a mesh is of the same importance as using the correct equations. The adaptive solver in Comsol Multiphysics is used to construct the mesh because it has the quality of constructing the mesh and calculating the corresponding solution simultaneously. Adaptive mesh generation identifies the high-activity regions that require a high resolution (by estimating the errors) and produces an appropriate mesh. In Fig 7(a) showing the effect of pressure gradient on the friction factor at varying temperatures, we observe that the friction factor decreases monotonically with increasing pressure gradient. Therefore the friction factor increases with decreasing period length ( L ).
Postprocessing
The effect of heat load on the friction factor is shown in Fig 7(b) .
It is clear that as temperature increases the transition from laminar to turbulent is lower than in conventional flows and the friction factor is reduced since the effect of heat load reduces viscous force in the flow.
There are interesting periodic pressure patterns shown in Fig 8(b) . Two observations are clear: the first is the high dominating pressure zone to the left on the crest of the corrugations and the low pressure zone to the right on the trough of the corrugation. The normal to the separation point of this high and low pressure zone from the side of the crest makes an angle of about 80 o to the flow, this is an indication of the force exerted by the wall to slow down the flow in the axial direction.
The smaller the angle the higher the force of the wall on the flow and this force is high when the corrugation sizes increase. In the low pressure zone the momentum is lower than the free stream and the velocity near the wall reduces. This creates a flow reversal and a region of recirculation as shown in Fig  8(a) . The second observation is that looking closely at the three periods in Fig 8 (b) we see clear instabilities in the solution on the bottom left and upper left corners of the first and third periods respectively, whiles the solution in the second period is smooth. For this reason we introduced this model to take care of the instabilities in the pressure flow .  Fig 8(a) shows a typical solution of colored surfacevelocity, arrows-velocity field, yellowish linesstreamlines.
